
Chapter 3

InferenceA

LikelihoodLet
theta be a parameter to

a density mass

fleftdeltathetaright describing a model for the data

11d
thetainleft01right in yisim Bernleftthetaright

thetaleftusigma2rightinleftmathbbRmathbbRright
for yithereforeNleftur2right

e g

The likelihood is the joint probability

of all data y1ldotsyn
viewed as 9

function of the unknown parameter Q

Generially Lleftthetarightflefty1ldotsynthetaright
d

prod_i1nfleftsithetaright



The value of theta that maximizes the

likelihood MLE

hattheta argbeginmatrixmthetaendmatrix
a xLleftthetarightequivargmax_thetalogLleftthetaright

lleftthetaright

For example yi Id Nleftmusigma2righti1ldotsn

flefty1ldotsynmu1sigma2rightprod_i1nfrac1sqrt2pisigma2uxpleftfrac12sigma2leftzimuright2rightLleftmusigma2rightleft2pisigma2rightn2expleftfrac1partialsigma2sum_i1nleftzimuright2right

lleftmusigma2rightcfracn2logsigma2frac12sigma2sum_i1nleftyimuright2
Now consider

estimating be via MLE

fracpartiallpartialufrac2partialsigma2sum_i1nleftbiurightleft1right
phi
set nhatusum_i1nyirightarrowhatufrac1nsum_i1nyi

equivoverlineyn



Now consider estimating
sigma2 via MLE

fracpartiallpartialsigma2fracnpartialsigma2frac1partialleftr2right2sum_i1nleftyimuright2
set phinfrac1hatsigma2sum_i1nleftyiuright2

hatsigma2frac1nsum_i1nleftbihatmuright2
On downside to this MLE is

IElefthatsigmarrightfracn1nsigma2neqsigma2
a biased estimate

s2frac1n1Sigmaleftyioverlineyright2 is

unbiasedgenerally
preferred
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ContinuedEstimator

hatmuoverlineyfrac1nsum_i1nyi
upper case RV

Inference

YisimNleftur2right i1ldotsn

ElefthatMrightEleftoverlineYrightEleftfrac1nSigmaYirightfrac1nsum_i1nEleftyirightfrac1ncdotnuu

IElefthaturightM is ubiased

VarlefthaturightVarleftoverlineYrightVarleftfrac1nSigmaYiright
indp frac1n2sumVarleftyirightfrac1n2cdotncdotsigma2fracsigma2n
Varlefthaturightsigma2n

A sum of indep Gaussian is Gaussian



overrightarrowmuoverlineysimNleftmusigma2nright

Assuming that sigma2 is known we can compare

this sampling distribution
to an

estimatefromdata under Hmumu0

Standardize

zfracoverlineymusigmasqrtn ZsimNleft01right

fracestwtkseleftu0right
H is unsatisfying to assume a particular

value of sigma2 when we have a good

estimate s2

However incorporating uncertainty about s2

involves understanding its distribution

s2frac1n1sum_i1nleftyioverlineyright2



If yisimNleft01right then yi2simxi2
yisimNleftusigma2right

fracleftyimuright2sigma2simx12fracoverlineymusigma2nsimx12

so overlineysimNleftmusigma2nright

If y1ldotsynapproxidNleft01right then sum_i1nyi2xn2
y1ldotsynNkdNleftusigma2right fracSigmaleftyimuright2sigma2simxn2

A homework exercise
asks you to show

sum_i1nfracleftyimuright2sigma2fracleftn1rights2sigma2fracleftoverlineymuright2sigma2n
simx12simxn2 leftsimxn12right

fracleftn1rights2sigma2simXn12
so r2simleftn1rights2xn12

therefore



An English statistician working at

Guinness named Gosset publishing under

the pseudonym Student showed that

convolving a Gaussian variance over

a leftx2right1 distribution

YsimNleftusigma2right sigma2simleftn1rights2chin12
has a closed form

student t
distribution

Tsimtn1

tfracoverlineymussqrtnfracestwtkse
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Continued

Confidence Intervals

A confidence interval is the inverse of

a hypothesis test

easy by simulation

swap the role of mu0
itAnalytically

Let qalpha2 q1alpha2 denote

the central 95 quantiles of a

student t distribution with rn1

dof

95 CI



a good approx is qnicefrac422
q1nicefracalpha22

Consider
TequivfracoverlineymuSsqrtn tn1

1alphaPleftqnicefracalpha2leqTleqq1alpha2right
How to invert that so that u

is in the middle of some bounds

1alphaPleftqnicefracalphagammaleqfracoverlineymusrnleqq1nicefracalpha2right
Pleftoverlineyfracsrnqnicefracalpha2leqmuleqoverlineyfracssqrtnq1nicefracalpha2right

overlineypmq1nicefracalpha2nicefracssqrtnequivCI


